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Optimal Consumption and Portfolio Selection with Giving and Retirement
Abstract
Following from Merton (1969, 1971), the optimal consumption and portfolio selection literature has given us much
insight regarding the consumption and investment behavior of people throughout their lifetime. The introduction of lump
sum gifts such as bequests and the introduction of retirement into the classical problem have shown to have great impact
on the optimal behavior of the agents in the models. In this thesis, I consider applying the optimal consumption and
portfolio selection framework to study social phenomena such as gambling and the retirement consumption puzzle. In my
nal chapter, I solve a classical optimal consumption, leisure, investment, and voluntary retirement problem for an agent
with Cobb-Douglas utility.
In the rst chapter, I study the behavior of a Friedman Savage consumer in continuous time. Following the ndings of
Black and Scholes, I nd that a risky asset with zero risk premium can be used to replicate a gambling device. I consider
the cases when the agent's discount factor is dierent from the real interest rate, and when they are the same. In an
economy with one risk free asset and one risky asset with zero risk premium, I nd that the Friedman Savage agent does
not gamble in continuous time if she only has utility of consumption. If the utility function is expanded to include utility
from giving gifts, which is a lump sum, then the agent has an incentive to gamble. In the case where an agent desires to
give multiple gifts, I nd that she will gamble, but only once. In the economy where there exists two risky assets, one
with zero risk premium and one with positive risk premium, there is no demand for gambling, even with utility of giving
gifts. Further, I nd that there is not even a demand for the gambling device for the sake of diversication of risk.
In the second chapter, I study whether there exists a retirement consumption puzzle in the framework of voluntary
retirement. To do this, I solve a continuous time consumption-portfolio selection and optimal retirement problem, when
the agent has nonhomothetic utility of consumption and leisure, and leisure is a luxury good. I nd that in the case of
voluntary retirement, there is no jump in consumption after retirement, so there is no retirement consumption puzzle.
Before retirement, the agent with nonhomothetic utility consumes more than the agent with homothetic CRRA utility of
consumption, but after retirement consumes at the same level. Leisure is an increasing function of wealth. However, after
wealth grows to a certain level the leisure will stay constant with increases in wealth. When the agent's wealth grows
high enough to reach the retirement threshold, the agent will enjoy full leisure. For the optimal portfolio, when the agent
is consuming the pre-retirement maximum possible leisure, and as her wealth grows to a level close to the retirement
threshold wealth, she increases her investment exponentially with wealth. At retirement, the agent's risk taking will jump
downwards. I also nd that retirement threshold wealth is a decreasing function of the risk aversion parameter for leisure
γ2, the subjective discount factor ρ, and the risk premium, while it is an increasing function of the risk aversion parameter
for consumption γ1, wage, and the pre-retirement maximum possible leisure L.
In the third chapter, I consider an optimal consumption, leisure, investment, and voluntary retirement problem for
an agent with a Cobb-Douglas utility function. Using dynamic programming, I derive closed form solutions for the value
function and optimal strategies for consumption, leisure, investment, and retirement.
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1 Will a Friedman Savage Consumer Gamble in Continuous Time?
Abstract
I study the behavior of a Friedman Savage consumer in continuous time. Following the ndings of
Black and Scholes, I nd that a risky asset with zero risk premium can be used to replicate a gambling
device. I consider the cases when the agent's discount factor is dierent from the real interest rate,
and when they are the same. In an economy with one risk free asset and one risky asset with zero risk
premium, I nd that the Friedman Savage agent does not gamble in continuous time if she only has utility
of consumption. If the utility function is expanded to include utility from giving gifts, which is a lump
sum, then the agent has an incentive to gamble. In the case where an agent desires to give multiple gifts,
I nd that she will gamble, but only once. In the economy where there exists two risky assets, one with
zero risk premium and one with positive risk premium, there is no demand for gambling, even with utility
of giving gifts. Further, I nd that there is not even a demand for the gambling device for the sake of
diversication of risk.
Keywords: Friedman-Savage Utility, Gambling, Continuous Time
1.1 Introduction
In their seminal paper, Friedman and Savage (1948) outlined a parsimonious model which could explain
the coexistence of risk loving and risk averse behavior in individuals. The dilemna was that the same indiviual
will buy lottery tickets or bet on fair to sub-fair gambles, while the same individual will pay a premium to
buy insurance. Given these facts, one must consider if one can use the traditional utility maximization
framework to study decisions of agents under risk. The problem is, that traditional utilty maximization
assumes diminishing marginal utility, so if one is presented with a choice between a fair gamble and certainty,
where the expected value of the gamble and certain choice are the same, one must always choose certainty
over the gamble, as the expected utility of the gamble will be lower than the certain choice.
To solve this discord between the empirical evidence and the utility maximization framework, Friedman
and Savage (1948) created a model which had both concave regions and a convex region. This allowed for
one to account for the coexistence of gambling and insurance in the expected utility framework, because if
an individual's income falls in the region that is concave, she would be risk averse, but if her income falls
into the convex region, she would be willing to gamble her income in order to have a chance to consume at
a higher level.
One caveat of the Friedman and Savage model is that it is a one period model. In one period, if a
Friedman Savage agent's income falls in the convex region, then she will take a fair gamble on her income,
because she will be able to achieve a higher expected utility by taking the gamble. However, in a multiperiod
consideration, it may not necessarily be optimal for the agent to gamble. Indeed, following from Friedman's















Figure 1: Friedman Savage type felicity function
in a multiperiod setting one must consider that an agent's current consumption will not only be a function
of current income, but also of the present value of future income. Thus, one can assume that the agent will
want to have relatively smooth consumption from period to period, and also that this smoothing may apply
to her risk taking behavior.
In their paper, Bailey et al. (1980) challenged the notion that Friedman and Savage's model can account
for repeated gambling in a multi-period framework. In their two period model, they found that even though
an agent has a Friedman and Savage period utility function, in a model with time separable utility an agent
will have a demand for gambling only if there is a rationing of borrowing and lending opportunities, or if the
dierence between the borrowing and lending rates is larger than two times the actuarial loss from gambling.
In any other case, the agent will prefer borrowing and saving to a fair gamble, while being indierent between
borrowing/saving and a fair gamble when the risk free interest rate and the agent's rate of time preference
are equal. When utility is nonseparable, they nd that the agent will gamble but only gamble once, thus
showing that the Friedman Savage hypothesis cannot explain repeated gambling.
Hartley and Farrell (2002) extended the study of Bailey et al. (1980) by allowing for simultaneous
borrowing/saving and gambling, and further extend Bailey et al. (1980)'s model to a multi-period model.
In the two period case, they nd that even if one assumes time separable utility and perfect markets, the
demand for gambles can exist. In the case when the interest rate and the agent's rate of time preference is
the same, there will be a demand for gambling unless the exogenous income falls in a specic range of values.
As the number of periods increase above two, we see that the set of income values where the agent will not
gamble increases. The intuition behind this is that as the number of periods increases, the agent will be able
to better replicate the expected utility of a gamble by using a deterministic consumption strategy. Thus,
they conjecture that when the number of periods go to innity, there will be no demand for gambling. When
the interest rate and the agent's rate of time preference are dierent, the agent will prefer a fair gamble to















for gambling does not go away as the number of periods approach innity. Regarding repeated gambling,
Hartley and Farrell (2002) nd that in a perfect market, the agent will gamble in at most one period. Thus
they found that one must introduce market imperfections to have repeated gambling.
Following from the previous discussion regarding the Friedman Savage hypothesis, the next logical contri-
bution would be to analyze the debate in continuous time. Thus the main questions that I will be setting out
to solve will be the following: Given that an agent has a Friedman Savage type period utility function, will
the utility maximizing agent have a demand for gambling in continuous time? In this paper I only consider
the case of time separable utility for tractability, but one could consider the case of nonseparable preferences
for future research. I will try to stay in the framework of Bailey et al. (1980) and Hartley and Farrell (2002),
so I will consider the case when the agent's rate of time preference β is dierent from the risk free interest rate
r, and when they are the same. However, there also exist some key dierences in my model, outside of the
fact that it is in continuous time, that dierentiate it from the previous literature. In the previous literature,
the agents only received utility from consumption. In my paper however, I expand the agent's period utility
function to also include the utility of giving a gift, and where the utility of giving also is of Friedman Savage
type. One important thing to note is that consumption is a ow, while the gift will be a lump sum payout.
One key departure from Bailey et al. (1980) and Hartley and Farrell (2002) is that I consider the agent's
gambling decision to be endogenously determined by her portfolio choice, while in the previous literature
the gambling decision is largely exogenous, as it is determined largely by her exogenous income. Indeed in
the previous models, the agent only chooses her period consumption, while receiving an exogenous income
in each period. In my model, however, the agent will optimally choose her consumption rate, gift giving,
and and amount invested in a risky asset with zero risk premium. As a result, instead of exogenous income,
I consider the agent's wealth which will be determined as a function of her optimal choices. Lastly, in my
paper I will examine the impact of introducing a risky asset which has a positive risk premium.
I nd that if the Friedman Savage agent only has utility of consumption, she will generally have no demand
for gambling. In the case where the agent's rate of time preference and the risk free rate are dierent, I nd
that the agent will strictly prefer a randomizing consumption strategy, such as the one found in Hartley and
Farrell (2002), to gambling. However, in the case where the agent's rate of time preference and the risk free
rate are equal, and the agent's utility does not change over time, she will be indierent between gambling
and a suitably chosen consumption strategy with a suitably chosen randomizing probability. This arms the
result of Bailey et al. (1980) while diering from the result obtained by Hartley and Farrell (2002), who found
that the agent will gamble even as the amount of periods go to innity. The reason behind this dierence,
is because in continuous time, it is possible to fully replicate the expected value of a fair gamble using a














1.2 Model Setup Friedman-Savage
and the law of large numbers holds. If I include the utility of a one time gift in the utility function, then
the agent will have an incentive to gamble once if the agent's initial wealth falls in a certain range of values.
Even though the agent may give multiple gifts,the agent will only gamble once if her initial wealth is in a
specic range of values. When a risky asset with positive risk premium is introduced into the economy, we
see that there will be no demand for gambling even with utility of gifts, as the agent uses the risky asset as
her randomizing device.
To study this problem in continuous time, I use the martingale approach proposed and developed by
Karatzas et al. (1987), Cox and Huang (1989), Dybvig and Huang (1989), and Dybvig (1995). Using the
martingale method, I can nd the agent's value function from her constrained optimization problem. When
the agent's rate of time preference and the risk free interest rate are dierent and the agent only has a
utility of consumption, I nd that the value function obtained from solving the optimization problem of a
Friedman Savage agent is the same as the value function obtained from solving the optimization problem
using the concave hull. This implies that the value function is concave throughout, so no demand for gambling
arises. However, in the case where the agent's time preference parameter and the risk free rate are the same,
the concavity is not strict, so the agent will be indierent between gambling and a suitable randomizing
consumption strategy. In the case where the agent has a utility of giving, the equality does not hold, so a
demand for gambling still persists.
The rest of the paper is organized as folllows. Section 1.2 sets up the environment and introduces the
model. Section 1.3 introduces the concave hull . Section 1.4 solves the problem when the agent only derives
utility from consumption. Section 1.5 solves the problem when the agent derives utility from both consump-
tion and gift giving. Section 1.6 considers the case with more than one risky asset. Section 1.7concludes.
1.2 Model Setup
Consider the following lifetime utility maximization problem of an agent who gains utility from consump-
tion and giving gifts:





e−βtv (ct, t) dt+
N∑
i=1
e−βτiG (gτi , τi) |Ft,T
]
,
where β is the agent's rate of time preference or discount factor, ct is the agent's consumption at time
t, gτ is the agent's gift giving at time τ , and W0 is the agent's initial wealth. V (W0) is the value function
obtained from the maximization problem. Note that v (ct, t) , ∀t ∈ [0, T ] and G (gτi , τi) are the period utilities
obtained from consumption at time t and gift giving at time τi, respectively. The felicity functions v (ct, t)
and G (gτi , τi) are strictly increasing and of Friedman Savage type, and we will assume that in the concave
regions the functions are strictly concave. Note that 0 ≤ τ1 < τ2... < τN ≤ T , and N can be innite. Further,















1.2 Model Setup Friedman-Savage
.
In the economy, there exist two assets, a risk free asset with constant return r, in which the price S0 (t)
evolves according to the following equation:
dS0 (t)
S0 (t)
= rdt, S0 (0) = s.





Here Bt is a standard Wiener process dened on an appropriate probability space (Ω,F ,P), where P is
the probability measure and F is the ltration generated by the Wiener process augmented by the null sets
of P. The mean of the asset is equal to r, while the standard deviation is equal to σ. Note here that the
since the mean is equal to r, there is no risk premium. Further note, as one important distinction from the
literature, there is no wage income.From the above environment, if we denote the agent's wealth at time t as
Wt, we can see that the agent will face the following dynamic budget constraint:
dWt = (rWt − ct) dt+ πtσdBt, (1)
if t 6= τi for some i, or
dWt = (rWt − ct) dt− gτi + πtσdBt, (2)
if t = τi for some i. Lastly, we assume
Wt ≥ 0, ∀t. (3)
Here, πt denotes the dollar amount invested in the risky asset, and we assume that πt is square integrable.
The meaning of this budget constraint is that the agent's wealth earns interest at the rate of r, and depreciates
at a rate equal to her consumption. She will be facing risk proportional to her investment in the risky asset
and the standard deviation of the risky asset's return. The last condition precludes arbitrage opportunities
and allows us to transform the dynamic budget constraint into a static budget constraint1
From the above, we see that there are two assets, one risk free and one risky, and one source of risk,
where the risky asset is driven by the source of risk. We assume that there are no frictions such as short
selling constraints, taxes, or transaction costs in the market, so the market is complete. Because the market
is complete, we can use the martingale methodology and change the dynamic budget constraint into a static
budget constraint, and use a simple Lagrangian to solve the optimization problem of the individual. In a
later section another risky asset which has a positive risk premium and is driven by a dierent source of risk
is introduced.
This risky asset will be the agent's gambling device. The following lemma states that in continuous time,
one can replicate a fair gamble with an option which is created from a risky asset with zero risk premium
and a risk free asset.
Lemma 1. If ∃ risky asset with θ = 0, it is essentially a fair gambling device.














1.2 Model Setup Friedman-Savage
Proof: We can consider a gambling device which gives the following payouts at time t:
K with probability p
L with probability (1− p)
Where K > L. We can thus create a fair gamble if one must bet the following bet Z at time 0 to take
part in this gamble:
Z = e−rt {Kp+ (1− p)L} . (4)
In the following, we will show that we can replace this fair gamble with a risky asset and a bond. Consider




There exists a price threshold SK,t such that the probability of the current price S1 (t) being greater than
or equal to the threshold is p, or
Pr (S1 (t) ≥ SK,t) = p.
In this case, one can think of an option which gives
K if S1 (t) ≥ SK,t
L if S1 (t) < SK,t,











Let us denote ∆ (t) as the partial derivative of the option with respect to the underlying stock price at
time t, or ∆ (t) =
∂Cs,t
∂S1(t)
, where ∆ (t) is in the number of shares. Further, let us dene the dollar amount
held in bonds T (t) as
T (t) = Cs,t −∆ (t)S1 (t) .
In this case, we can construct a portfolio of bonds and stocks, where the individual invests T (t) dollars
into bonds, and buys ∆ (t) shares of stocks. Following from the result of Black and Scholes (1973), this














1.3 Concave Hull Friedman-Savage










i pi = 1.
To replicate this gamble, we can also create an option, which pays:
K if S1 (t) ≥ S1
K2 if S1 > S1 (t) ≥ S2
...
...,
where S1 is chosen such that the probability of the stock price being higher than S1 is P1 or Pr (S1 (t) ≥ S1) =
P1, S2 is chosen such that the probability of the current stock price being between S1 and S2 is P2, or
Pr (S1 > S1 (t) ≥ S2) = P2, and so on. If we create such an option, we will be able to replicate this option
with bonds and the risky asset with zero risk premium using Black and Scholes' method. Continuous gambles
can also be replicated in a similar fashion, as long as they satisfy the L2 condition (σ
2 <∞). Thus in a risk
neutral world, the option replicated by the risky asset with zero risk premium and bonds, and a fair gambling
device are equivalent.
1.3 Concave Hull
Restate the lifetime utility maximization problem of the Friedman Savage consumer:
Problem A:





e−βtv (ct, t) dt+
N∑
i=1
e−βτiG (gτi , τi) |Ft,T
]
, (6)
subject to the budget constraint:














1.3 Concave Hull Friedman-Savage
if t 6= τi for some i, or
dWt = (rWt − ct) dt− gτi + πtσdBt,
if t = τi for some i, and in order to preclude arbitrage opportunities, we assume that
Wt ≥ 0, ∀t.
Here v (ct, t) , ∀t ∈ [0, T ] and G (gτi , τi) are of Friedman Savage type. Since the nancial market is











In the optimum, however, the agent will not want to leave any remaining wealth at time T , since she
does not get any utility from just holding wealth, nor does she have an heir to whom she can bequest










Using the static budget constraint, we can nd the value function using a standard lagrangian and the duality
method.
In the following part, we consider the concave hull of the Friedman Savage utility function. For the utility
of consumption, the concave hull cv (ct, t) of v(ct, t) is dened as follows:
cv (ct, t) = inf
u
{u (ct, t) : u (ct, t) ≥ v (ct, t) ∀C ∈ R, u (ct, t) is concave} . (9)
In short, it is the inmum of the functions that are greater than the Friedman and Savage felicity function
and concave. It was discussed already in Friedman and Savage (1948) and Hartley and Farrell (2002), as it is
equivalent to the expected utility one can achieve when taking a fair gamble. An illustration of the concave
hull for the utility of consumption can be found in gure 2.
Figure 2: Concave hull of Friedman Savage felicity function














1.4 Solving When the Agent Only Has Utility of Consumption Friedman-Savage
The concave hull for the utility of giving is achieved in a similar way. When we are only considering
consumption, the value function achieved using the concave hull is equivalent to the value function that we
achieve when optimizing the original problem. Since the concave hull is concave for all values, the maximized
value function using the concave hull will also be concave throughout. Thus, in this case there will be no
gambling. When we introduce giving into the utility function, however, the result does not hold, so the
demand for gambling still exists.
We consider the concave hull problem CV .
Problem B:





e−βtcv (ct, t) dt+
N∑
i=1
e−βτiCG (gτi , τi) |Ft,T
]
, (10)










Here, cv (·, t) denotes the concave hull of the felicity function of consumption, CG (·, τi) denotes the
concave hull of the felicity function of giving, and CV (W0) denotes the value function that arises as a
result of using the concave hulls to maximize lifetime utility.
Note that if CV (W0) = V (W0), then the gambling incentive does not exist, as the value function is concave
for all wealth levels. Thus, we will rst solve the problem rst using the concave hull, and later check if
CV (W0) = V (W0) holds. Following the previous literature, we will consider the problem when the agent's
rate of time preference is dierent from the risk free rate, and when it is equal to the risk free rate. The
problem will be solved by rst consider the case when the agent only derives utility from consumption, then
the case when the agent also derives utility from giving a one time gift. Lastly, we will consider the case
when the agent derives utility from giving multiple gifts.
1.4 Solving When the Agent Only Has Utility of Consumption
Let us rst restate the problem to the case where the agent only has utility of consumption. Since there is
no giving, we will be able to rewrite Problem A in the following way:
Problem A.1:
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